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Abstract
The deformation retract is, by definition, a homotopy between a retraction and the
identity map. We show that applying this topological concept to Ricci-flat wormholes/black
holes implies that such objects can get deformed and reduced to lower dimensions. The
homotopy theory can provide a rigorous proof to the existence of black holes/wormholes
deformations and explain the topological origin. The current work discusses such pos-
sible deformations and dimensional reductions from a global topological point of view,
it also represents a new application of the homotopy theory and deformation retract in
astrophysics and quantum gravity.
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1 Introduction and motivation
In general relativity, the theory of tidal deformation of black holes and neutron stars has been a
subject of intensive studies. In case of no other sources of gravity, static black holes are described
by a spherically symmetric Schwarzschild space-time. However, in realistic scenarios black holes
can get distorted due to tidal forces when they are included in binary systems or surrounded by
an accretion disks [21]. These tidal effects of compact bodies might be accessible to measurement
by the current generation of gravitational-wave detectors[22, 23, 24, 25, 26]. Deformations in
wormholes and black holes have been investigated in modified gravity theories using a geometric
approach called the Anholonomic Frame Deformation Method (AFDM) developed in [27, 28, 29].
Deformation of extremal black holes from stringy interactions has been studied in [30] where
analytic solutions for the linearized metric deformations to near-horizon extremal Kerr space-
times have been obtained. Another approach called Minimal Geometric Deformation (MGD)
has been developed to study the exterior space-time of a self-gravitating system in the Brane-
world scienario [31]. This MGD approach has been extended in [32] where a solution for the
deformation undergone by the radial metric component when time deformations are produced
by bulk gravitons has been identified. It is also well known that stars can get deformed by
magnetic fields [33, 34]. Due to the intense magnetic fields of neutron stars, particularly the
subset known as magnetars, they possess ellipticities which are roughly proportional to the
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magnetic energy [35, 36]. Neutron star deformation due to multipolar magnetic fields has been
discussed in [37].
The two concepts of deformation and dimensional reduction are both included in the
definition of deformation retract (section 2). So, in addition to the geometrical/physical defor-
mation examples mentioned above, the current work also discusses the dimensional reduction
from a topological point of view. Dimensional reduction plays a very important role in quan-
tum gravity, Several approaches to quantum gravity suggest that the effective dimension of
space-time reduces to lower dimensions near the Planck scale. The spontaneous dimensional
reduction associated with black holes evaporation has been discussed in [38]. It is generally
believed that the effective dimensionality of space-time depend on the energy scale which has
revived the interest in lower dimensional physics [39, 40, 41, 42, 43]. While many authors be-
lieve that at very short distances the number of spatial dimensions increases (extra-dimensions)
[44, 45], it is also possible that the number of spatial dimensions decreases as the Planck length
is approached. The dimensional reduction has been studied in several contexts [38]. The two
dimensions (2D) has become of particular interest after the appearance of a black hole in string
theory [52, 53]. An alternative dimensional reduction scenario with fractal space-time has been
suggested in [66]. Some much simpler gravity theories have been formulated in (2+1)-dimensions
[54, 55, 56, 57, 58] and (1+1)-dimensions [59, 60, 61, 62, 63], where associated quantum theories
are exactly solvable [64]. A geometric dimensional reduction framework has been proposed in
which space-time is a recursive lattice-network of lower-dimensional substructures each has a
fundamental length scale [40, 65]. In addition to the natural solution to the hierarchy problem,
this geometric dimensional reduction framework provides a range of phenomenological signa-
tures that might be observable in future experiments.
Let’s see how the current work is related to the previous works on geometrical/physical
deformations and dimensional reduction of such astrophysical objects. First, all of these works
studied deformations and dimensional reduction from a pure geometrical local side while the
current study discusses the topological global side making use of the deformation retract defi-
nition. Secondly, since wormholes and black holes deformations still never been observed yet,
a solid topological base for the existence of such deformations represents a great support to
the theory. In other words, the current work explains the topological origin of such geometri-
cal/physical deformations and provides a rigorous proof to its existence. Thirdly, the current
work introduces a new application of the deformation retract in astrophysics and quantum grav-
ity. We believe that the topological retraction theory is so powerful in explaining some modern
topics in mathematical physics and simplifying calculations, it has already been used to provide
a topological explanation to the holographic principle in [1].
Topology is the appropriate mathematical tool for the study of shapes and spaces
(without a notion of distance) which can be continuously deformed into each other, continuous
deformations mean twisting and stretching but not tearing or puncturing. For example, a sphere
is topologically equivalent to a cube and a square is topologically equivalent to a circle [6]. In
general relativity, space-time exists as a manifold which opens the door to the use of topological
concepts and methods. The topology change in general relativity has been discussed in [12]
and some applications of differential topology in general relativity has been mentioned in [11].
In the late 1970s, it was shown that quantum field theory techniques can be used to obtain
topological invariants of manifolds [47, 49]. The topological quantum field theory was defined
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in [48].
The deformations in topology are described by homoptopy, a very useful topological
notion defined as a continuous deformation of one continuous function to another [2]. A nice
mental picture of a homotopy is the human aging which is a continuous process where the
topological shape of an infant is related to the shape of a wrinkled old person by a homotopy
describing the shape at every age between [2]. The waving flag is a nother example, it is
topologically equivalent to a rectangle at all times but the way it is embedded in the 3D space
varies with time. Thus, homotopy is an equivalence relation between maps and it has been so
useful in providing proofs and simplifying calculations. The homotopy theory has been applied
to the study of defects in the ordered media of condensed matter physics [3]. The topological
theory of defects in ordered media has been discussed in details in [4] where is has been shown
that all the paradoxes appear from the old theory can be resolved within the larger frameworks of
homotopy theory. There is a particular class of defects which can not be removed by continuous
deformation of fields called topological defects. Topological defects or ’Topological solitons’ are
topologically distinct (permanently stable) solutions to nonlinear partial differential equations,
and homotopy theory is used to determine when the solutions are truly distinct. So, the term
’topological’ comes from homotopical distinction between the solution which has these objects
and the vacuum solution. Topological defects appear in both condensed matter physics and
cosmology. Homotopy quantum field theory (HQFT) [8] represents a branch of topological
quantum field theory (TQFT) [48] where the idea of a (TQFT) has been applied to maps from
manifolds into topological spaces. A homotopy approach to quantum gravity has been described
in [9] where a finite-dimensional quantum theory has been constructed from general relativity by
a homotopy method. A homotopy theory of algebraic quantum field theories has been developed
in [10]. Topological Concepts in Gauge Theories have been discussed in [7]. The current work
represents a new application of the homotopy theory in gravitational physics.
This paper is organized as follows: Section 1 is an introduction. In section 2 we discuss
the basic mathematical definitions of the topological concepts used in the paper. In sections 3,
we review the retraction technique for Ricci-flat spaces introduced by the authors in previous
studies. In section 4, we use the homotopy theory to prove two theorems on the existence of
deformations and dimensional reductions for wormholes and black holes. We follow the proofs by
a discussion on some basic aspects of the homotopy, and on the null energy condition violation
in wormholes. The conclusion is included in section 5.
2 Retraction, homotopy and deformation retract
Definition 1. A subspace A of a topological space X is called a retract of X , if there exists a
continuous map r : X → A such that X is open and r(a) = a (identity map), ∀a ∈ A. Because
the continuous map r is an identity map from X into A ⊂ X , it preserves the position of all
points in A.
Definition 2. Homotopy: [13] Let X , Y be smooth manifolds and f : X → Y a smooth map
between them. A homotopy or deformation of the map f is a smooth map F : X × [0, 1]→ Y
with the property F (x, 0) = f(x). Each of the maps ft(x) = F (x, t), t ∈ [0, 1] is said to be
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homotopic to the initial map f0 = f and the map of the whole cylinder X × [0, 1] is called a
homotopy. Two continuous maps f : X → Y and g : X → Y are called homotopic if there
exists a continuous map F : X × [0, 1]→ Y with F (x, 0) = f(x) and F (x, 1) = g(x) ∀x ∈ X .
Definition 3. Deformation retract: A subset A of a topological space X is said to be a defor-
mation retract if there exists a retraction r : X → A, and a homotopy f : X × [0, 1]→ X such
that [46]: f(x, 0) = x ∀x ∈ X , f(x, 1) = r(x) ∀r ∈ X , f(a, t) = a ∀a ∈ A, t ∈ [0, 1].
A retraction r : S2 → {(1, 0, 0)} ∈ S2 taking the sphere to a point defined by
r(x, y, z) = (1, 0, 0) is a good example [2]. Retractions of Stein spaces has been studied in
[17]. The retraction theory has been investigated in many branches of topology and differential
geometry [19, 17, 16]. While homotopy theory has many applications in mathematical physics,
most of the studies on the deformation retract theory -if not all- are pure mathematical stud-
ies. The retraction is called deformation retract if it preserves the essential shape of the space.
For example, both the cylinder and the mobius band deformation retract to a circle and they
are said to have the same homotopy type [2]. In a previous study [1], an application to the
theory of topological retracts in mathematical physics has been introduced. It has been shown
that the holographic principle can be represented mathematically by topological retraction of
n-dimensional space (hologram) to n−1 subspace (a boundary) that preserves the position of all
points (preserving all information describing the n-dimensional space). We start by proving the
possibility of wormhole space deformations through introducing a homotopy f , i.e. continuous
deformations of wormhole space W , f : W × [0, 1] → W . Since the retraction of wormhole
space W has been given in [1], we will be able to discuss the deformation retract of W with the
existence of a homotopy f .
3 Review of retraction
Wormholes are hypothetical bridges between two regions of space-time connected by a throat,
such objects could be described topologically as folding in the space-time fabric. Many in-
teresting studies of Lorentzian wormholes have been described in [18] while four and higher-
dimensional wormholes were introduced by Hawking and Coleman [50, 51]. A retraction method
applicable only for Ricci-flat geometries has been discussed in [1] and applied to the 5D Ricci-flat
wormhole space-time W [5]:
ds2 =
r2 − a2
r2 + a2
(−dt2 + dz2) + dr2 + (r2 + a2)(dθ2 + sin2 θ dφ2)−
4ar
r2 + a2
dt dz. (1)
There are two asymptotic regions, corresponding to r → ±∞, where the metric has the following
form
ds2 = −dt2 + dz2 + dr2 + r2(dθ2 + sin2 θ dφ2) (2)
This describes (Minkowskian)5 if z is a real line, or (Minkowskian)4 × S
1 if z is a circle.
After comparing the Ricci-flat metric (1) with the general form of the 5D flat metric ds2 =
−dx2o +
∑
4
i=1 dx
2
i and making use of the basic metric definition ds
2 = gijdx
idxj , the following
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coordinate relations have been obtained
xo = ±
√
r2 − a2
r2 + a2
t2 + Co, x1 = ±
√
r2 − a2
r2 + a2
z2 + C1, x2 = ±
√
r2 + C2, (3)
x3 = ±
√
(r2 + a2)θ2 + C3, x4 = ±
√
(r2 + a2) sin2 θ φ2 + C4.
Where Co, C1,C2,C3 and C4 are constants of integration. We have used these relations to
study the geodesic retractions of the 5D wormhole space-time W (1). To find a geodesic which
is a subset of W we have used the Euler-Lagrange equations associated to the Lagrangian
L(xµ, x˙µ) = 1
2
gµν x˙
µx˙ν . The following equations have been obtained
−
r2 − a2
r2 + a2
t˙ = K. (4)
(r2 + a2) sin2 θ φ˙ = h. (5)
d
dλ
(r˙)−
[
−
2a2r
(r2 + a2)2
t˙2 +
2a2r
(r2 + a2)2
z˙2 + r(θ˙2 + sin2 θ φ˙2) + 2a
r2 − a2
(r2 + a2)2
t˙z˙
]
= 0. (6)
d
dλ
θ˙(r2 + a2)−
[
1
2
(r2 + a2) sin 2θ φ˙2
]
= 0. (7)
d
dλ
[
(r2 + a2)φ˙ sin2 θ
]
= 0. (8)
r2 − a2
r2 + a2
t˙ +
2ar
r2 + a2
z˙ = A. (9)
r2 − a2
r2 + a2
z˙ −
2ar
r2 + a2
t˙ = B. (10)
Where K, h, A and B are constants. Equations of motion for θ and φ admit the solution
θ = pi
2
, φ˙ = D
r2+a2
where D is the integration constant describing the orbital angular momentum
of the geodesic particle. We have used these equations to see what types of geodesic retractions
we get. From (4), if K = 0 this implies that t = C where C is a constant, or r = a. For C = 0,
the coordinates (3) become
xC=0o = ±
√
Co, x
C=0
1 = ±
√
r2 − a2
r2 + a2
z2 + C1, x
C=0
2 = ±
√
r2 + C2, (11)
xC=03 = ±
√
(r2 + a2)θ2 + C3, x
C=0
4 = ±
√
(r2 + a2) sin2 θ φ2 + C4.
ds2 = x21+x
2
2+x
2
3−x
2
o > 0 is a circle S1 ⊂W , this geodesic is a retraction in the 5D space-time
W represented by the metric (1). For r = a, the coordinates (3) become
xr=ao = ±
√
Co, x
r=a
1 = ±
√
C1, x
r=a
2 = ±
√
r2 + C2, (12)
xr=a3 = ±
√
2a2θ2 + C3, x
r=a
4 = ±
√
2a2 sin2 θ φ2 + C4.
ds2 = x21 + x
2
2 + x
2
3 − x
2
o > 0 is a circle S2 ⊂W , this geodesic is a retraction in W . From (5), if
h = 0 this implies that φ = H where H is a constant, or θ = 0. For H = 0, the coordinates (3)
become
xH=0o = ±
√
r2 − a2
r2 + a2
t2 + Co, x
H=0
1 = ±
√
r2 − a2
r2 + a2
z2 + C1, x
H=0
2 = ±
√
r2 + C2, (13)
xH=03 = ±
√
(r2 + a2)θ2 + C3, x
H=0
4 = ±
√
C4.
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ds2 = x21 + x
2
2 + x
2
3 − x
2
o > 0 is a circle S3 ⊂W , this geodesic is a retraction in W . Finally, For
θ = 0, we get
xθ=0o = ±
√
r2 − a2
r2 + a2
t2 + Co, x
θ=0
1 = ±
√
r2 − a2
r2 + a2
z2 + C1, x
θ=0
2 = ±
√
r2 + C2, (14)
xθ=03 = ±
√
C3, x
θ=0
4 = ±
√
C4.
ds2 = x21 + x
2
2 + x
2
3 − x
2
o > 0 is a circle S4 ⊂ W , this geodesic is a retraction in W . So, the
retraction of W can be defined as R : W → Si, i = 1, 2, 3, 4 which means that: some types of
the geodesic retractions of the 5D wormhole space-time W are circles Si ⊂W .
4 Space-time deformation
In this section, we study the possibility of continuous deformations of the 5D Ricci-flat worm-
hole space-time W , the nD Schwarzchild blackhole space-time Sc and their possible retraction
into subspaces. To prove the possible deformations with dimensional reductions of Ricci-flat
wormholes, the following theorem needs to be proved:
Theorem 4.1. 5D Ricci-flat wormhole spaceW can get continuously deformed into other spaces
and reduced into subspaces.
Proof. Recalling definition 3, in addition to the retraction R : W → Si we need to define a
homotopy between the retraction and the identity map on W ( f : W × [0, 1]→W ) such that
f(s, 0) = s ∀s ∈ W , f(s, 1) = R(s) ∀R ∈ W , f(a, t) = a ∀a ∈ Si, t ∈ [0, 1] to have a deformation
retract on W . For the retraction of W into a geodesic S1 ⊂ W , a homotopy can be defined as
ηS1 : W × [0, 1]→W where
ηS1(m, s) = (1− s) η(m, 0) + s ηS1(m, 1), ∀m ∈ W & ∀s ∈ [0, 1]. (15)
With
η(m, 0) = {xo, x1, x2, x3, x4} & η
S1(m, 1) =
{
xC=0o , x
C=0
1 , x
C=0
2 , x
C=0
3 , x
C=0
4
}
. (16)
And the coordinates xC=0i , i = 0, 1, 2, 3, 4 are given by (11) . The homotopies of the retraction
of W into geodesics S2, S3, S4 ⊂ W , are defined respectively as
ηS2(m, s) = (1− s) η(m, 0) + s ηS2(m, 1), ∀m ∈ W & ∀s ∈ [0, 1]. (17)
ηS3(m, s) = cos
pis
2
η(m, 0) + sin
pis
2
ηS3(m, 1), ∀m ∈ W & ∀s ∈ [0, 1]. (18)
ηS4(m, s) = cos
pis
2
η(m, 0) + sin
pis
2
ηS4(m, 1), ∀m ∈ W & ∀s ∈ [0, 1]. (19)
With
ηS2(m, 1) = {xr=ao , x
r=a
1 , x
r=a
2 , x
r=a
3 , x
r=a
4 }
.ηS3(m, 1) =
{
xH=0o , x
H=0
1 , x
H=0
2 , x
H=0
3 , x
H=0
4
}
.ηS4(m, 1) =
{
xθ=0o , x
θ=0
1 , x
θ=0
2 , x
θ=0
3 , x
θ=0
4
}
.
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And the coordinates xr=ai , x
H=0
i , x
θ=0
i i = 0, 1, 2, 3, 4 are given respectively by (12), (13) and
(14). With the homotopies defined here, and the retraction of W defined in section (3) we now
have a deformation retract defined on W . Defining such homotopies which satisfying the three
conditions in definition 3 proves the possible deformations of W .
Now, some basic mathematical aspects of homotopies such as existence, unicity/classes
of transformations and well-definiteness should be discussed carefully. Since all the geodesic
retractions we found are circles Si ∈ W , a homotopy η
Si : W × [0, 1] → W is unique if it
has the same form for any i. But we can see that this is not the case as the two homotopies
(15) for i = 1 and (18) for i = 3 are different. What we have done is that we had to replace
(1− s) and s in (15) and (17) with cos pis
2
and sin pis
2
in (18) and (19) so that they all satisfy the
same definition of the deformation retract (2). Then, this proves the non-unicity of our defined
homotopy between the retraction and the identity map onW . This can also be directly deduced
from the fact that the homotopy (15) has been defined so that it satisfies the deformation retract
definition (3), and a space can deformation retract into different subspaces. We also recall that
such a homotopy ηSi : W × [0, 1] → W is well defined by definition (2) and does exist under
the three mathematical conditions in this definition. Any other possible homotopies will lead
to similar results as they must satisfy the conditions in definition (3).
The physical interpretation of theorem (4.1) is that such wormholes can get continu-
ously deformed, whether due to tidal effects, magnetic fields or any other physical effects, and
reduced to lower dimensions. The existence of wormhole solutions essentially depend on some
special properties of the matter source term in the Einstein field equations and on the violation
of the null energy condition (NEC) Tµνk
µkν < 0, where Tµν is the matter energy-momentum
tensor and kµ is any null vector. In terms of the energy density ρ and pressure p, the NEC
viloation is written as ρ + p < 0 which requires the existence of some forms of exotic matter.
Because deformations discussed here are homotopic, it should not affect the nature of the mat-
ter. The exotic matter will be still there after the deformations which means the NEC vilation
is not affected by such topological transformations or retractions. A good example is that if we
keep deforming a piece of plastic, this deformations will never turn it into glass or any other
different matter. Another point is that because the deformation retract preserves the essential
shape of the space, there is a guarantee that the new geometry will still correspond to a worm-
hole in the sense that both of them (the deformed and original) can be continuously deformed
into each others (homotopy is an equivalence relation). It is also important to mention that
while the violation of the null energy condition implies the violations of all other (weak ρ ≥ 0,
ρ + p ≥ 0, strong ρ+ 3p ≥ 0 and dominant ρ ≥ |p|) energy conditions, it has been shown that
those classical linear energy conditions should be replaced by other nonlinear energy conditions
in the presence of semiclassical quantum effects [67]. Although stayed undoubted for a long
time, it has been suggested that these classical energy conditions are not fundamental physics
and can not be valid in completely general situations [68].
The same topological analysis can provide a solid mathematical base for the existence
of physical deformations in Ricci-flat black holes such as nD Schwarzchild static blackholes
and Kerr rotating black hole. For example, for 5D Ricci-flat Schwarzchild static blackholes the
following theorem can be proved
Theorem 4.2. 5D Ricci-flat black hole spaces can get continuously deformed into other spaces
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and reduced into subspaces.
Proof. The Schwarzchild metric in (n+ 1) dimensions is written as [15]
ds2 = −
(
1−
µ
rn−2
)
dt2 +
(
1−
µ
rn−2
)
−1
dr2 + r2dΩ2n−1 (20)
With
dΩ2n−1 = dχ
2
2 + sin
2 χ2dχ
2
3 + ...+
n−1∏
m=2
sin2 χmdχ
2
n (21)
The retraction, deformation retract and folding of the 5D Schwarzchild space Sc. has been
discussed in [16] using the same method in [1] which can be described as folllows: We compared
the 5D Schwarzchild Ricci-flat metric (n = 4 in (20)) with the general form of the 5D flat
metric ds2 = −dx2o +
∑
4
i=1 dx
2
i and obtained a set of coordinate transformations with a set
of integration constants. Then we used Euler-Lagrange equations to study the geodesics in
Sc and obtained a set of equations with constants. We have found that: some types of the
geodesic retractions of the 5D Schwarzchild space-time Sc are circles Si ⊂ Sc. So, a retraction
R : Sc.→ Si, i = 1, 2, 3, 4 has been already defined and we need to define a homotopy between
this retraction and the identity map on Sc i.e., g : Sc×[0, 1]→ Sc such that g(s, 0) = s ∀s ∈ Sc,
f(s, 1) = R(s) ∀R ∈ Sc, g(a, t) = a ∀a ∈ Si, t ∈ [0, 1]. For the retraction of Sc into a geodesic
S1 ⊂ Sc, the homotopy is defined as ξ
S1 : Sc× [0, 1]→ Sc where
ξS1(m, s) = (1− s) ξ(m, 0) + s ξS1(m, 1), ∀m ∈ Sc & ∀s ∈ [0, 1]. (22)
With
ξ(m, 0) = {xo, x1, x2, x3, x4} & ξ
S1(m, 1) =
{
xA=0o , x
A=0
1 , x
A=0
2 , x
A=0
3 , x
A=0
4
}
. (23)
The homotopies of the retraction of Sc into geodesics S2, S3, S4 ⊂ Sc, are defined respectively
as
ξS2(m, s) = (1− s) ξ(m, 0) + s ξS2(m, 1), ∀m ∈ Sc & ∀s ∈ [0, 1]. (24)
ξS3(m, s) = cos
pis
2
ξ(m, 0) + sin
pis
2
ξS3(m, 1), ∀m ∈ Sc & ∀s ∈ [0, 1]. (25)
ξS4(m, s) = cos
pis
2
ξ(m, 0) + sin
pis
2
ξS4(m, 1), ∀m ∈ Sc & ∀s ∈ [0, 1]. (26)
With
ξS2(m, 1) =
{
xB=0o , x
B=0
1 , x
B=0
2 , x
B=0
3 , x
B=0
4
}
.ξS3(m, 1) =
{
xφ=0o , x
φ=0
1 , x
φ=0
2 , x
φ=0
3 , x
φ=0
4
}
.ξS4(m, 1) =
{
xθ=0o , x
θ=0
1 , x
θ=0
2 , x
θ=0
3 , x
θ=0
4
}
.
Where the retractions R : Sc. → Si, i = 1, 2, 3, 4 have been done setting A = 0, B = 0, φ = 0
and θ = 0. The superscripts denote the value of the coordinate when the constant vanishes, and
the lengthy expressions for the coordinates xA=0i , x
B=0
i , x
φ=0
i and x
θ=0
i have been given in [16].
With the homotopies defined here, and the defined retraction in [16] we now have a deformation
retract defined on Sc. Defining homotopies satisfying the three conditions in definition 3 proves
the possible deformations of Sc.
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The physical interpretation of theorem (4.2) is that such blackholes can get continu-
ously deformed, whether due to tidal effects or any other physical effects, and reduced to lower
dimensions. As we have discussed in details in the introduction, this agrees with many quantum
gravity approaches in which the effective dimension of space-time reduces to lower dimensions
near the Planck scale. The spontaneous dimensional reduction associated with black holes
evaporation has also been discussed in [38].
5 Conclusion
In summary, we have presented in this paper a new application of the homotopy and retraction
theory in astrophysics and quantum gravity. A topological base has been introduced to the the-
ories of deformations and dimensional reduction of black holes and wormholes. The deformation
retract is, by definition, a homotopy between a retraction and the identity may. We have used
this deformation retract to prove that wormholes/black holes can get deformed and reduced
to lower dimensions. We have shown that while the homotopy provides a topological base to
the theory of wormholes/compact objects deformations, the retraction provides a topological
base to the theory of dimensional reduction which is believed to happen near Planck length.
The proof developed here is restricted to objects (black holes, compact stars, wormholes) with
Ricci-flat metrics and a more general method will be needed to deal with non Ricci-flat case.
While most of the studies on deformations and dimensional reduction discuss the geometrical
local side, the current study discusses the topological global side and provides a rigorous proof
to their existence. We have discussed some basic mathematical aspects of homotopies such as
existence, unicity/classes of transformations and well-definiteness. We have also discussed the
effect of such deformations and retractions on the NEC violation in wormholes and deduced
that such homotopic deformations should not affect the NEC violation. While the homotopy
theory has been so useful in providing proofs and simplifying calculations in several areas of
mathematical physics such as the study of defects in the ordered media of condensed matter
physics, this paper represents another example in which the homotopy theory provides a proof
for the existence of deformations in a certain class of astrophysical objects. However, a major
difference between the current work and previous works is that the homotopy here is defined
between a retraction and the identity map which means we have a deformation retract into sub-
spaces defined on these Ricci-flat spaces. The topological retraction into subspaces represents
a topological origin to the dimensional reduction in quantum gravity.
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